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Abstract 
Visualization, the ability of generating mental images from abstract concepts, is developed in students when technological 
resources are incorporated in teaching and learning processes, especially in mathematics. In this paper some tools for teaching
numerical integration, developed by the authors, are shown. They are included in a set of customized applications designed for 
the issues studied in courses of Numerical Analysis at the Facultad Regional San Nicolás, Universidad Tecnológica Nacional, 
Argentina. With a simple interface, so as students can focalize on the concepts taught, these tools combine different semiotic 
registers in their design. 
© 2015 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
When teaching numerical methods, the emphasis is often placed on algorithmic developments and procedural and 
mechanical handling of the symbolic aspects of mathematical objects. In this way students do not achieve 
meaningful learning. Moreover, the numerical analysis has its own characteristics because the appropriateness of the 
use of different tools to solve a problem depends heavily on the context in which they are used. The emphasis on 
mechanical routine, plus the fact that understanding the essence of Numerical Analysis is usually a trouble for 
students, has resulted in various learning difficulties (Rodríguez, 2004). 
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The Virtual Laboratory of Numerical Analysis is a collection of personalized windows that let students work with 
all the issues included in the different courses of Numerical Analysis at Facultad Regional San Nicolás: resolution of 
nonlinear equations, resolution of linear equation systems, resolution of nonlinear equation systems, interpolation 
and curve fitting, numerical integration and resolution of ordinary and partial differential equations (Caligaris, 
Rodríguez & Laugero, 2010). Tools were initially developed in MAPLE, and later it was decided to use free software 
SCILAB. SCILAB is not symbolic software but it accomplishes the requirements of the designed tools, although there 
are some issues that are impossible to get, like derivatives or integrals. Therefore, all windows have been redesigned 
so as students can have access to them without restrictions. Also, some modifications that arose in their use were 
incorporated. Finally, some applications developed in MATHEMATICA were incorporated to the Virtual Laboratory of 
Numerical Analysis. These tools are CDF files that can be run in any computer, it is only needed the CDF player, 
which is freely available on Internet. 
The objective of this paper is to present some customized windows developed to help students to understand the 
basic concepts and differences of numerical integration methods, where students can visualize and compare different 
approximations in different representations.  
2. Visualization 
Visualization is a wide concept, in fact, it is a notion on which there are different conceptions on investigation in 
mathematics education. For example, Arcavi (2003) expresses that “visualization is the ability, the process and the 
product of the creation, interpretation, use of and reflection upon pictures, images, diagrams in our minds, on paper 
or with technological tools, with the purpose of depicting and communicating information, thinking and developing 
previously unknown ideas and advancing understandings”. With visual arguments, students can conceptualize ideas. 
For Zimmermann and Cunningham (1991), visualization is a way for supplying depth and meaning to understanding, 
being a reliable guide to problem solving, and inspiring creative discoveries. In this sense, visualization cannot be 
isolated from the rest of mathematics; in other words, symbolic, graphical and numerical representations must be 
connected. From a didactical point of view, only those students able to perform conversions between these 
representations do not confuse a mathematical object with its representation and can transfer their mathematical 
knowledge to other contexts different from the one of learning (Duval, 1999).  
Visualization is related with the ability of interpreting, transforming and understanding representations, 
generating mental images from abstract concepts. It is developed in students when technological resources are 
incorporated in teaching and learning processes. Therefore, it is possible that the use of graphical interphases in the 
learning process will not only help students to develop the ability to visualize, but also the dynamic interaction with 
them will let the different semiotic representations of mathematical object under study be connected, thus promoting 
conceptual learning. 
3. Numerical integration and visualization 
In Calculus, when teaching the concept of integration, the ability of visualization is used, even without 
technology. Some studies were performed, so as to identify the types of visual image students use when solving 
integral problems (Huang, 2013). Also, in Souto Rubio and Gomez Chacón (2011), the study of visualization 
processes from a cognitive point of view is presented along with a discussion of examples of empirical data relating 
to the concept of integral.  
Rösken and Rolka (2006) analyzed an example from integral calculus focusing on visual interpretations 
emphasizing that visualization should be accompanied by reflective thinking. 
The evaluation of integrals is required in many problems in engineering and science. But it is not always possible 
to find the exact value in an analytic way: here is where numerical integration arises. 
There are two groups of numerical integration formulas. The first group is based on equally spaced points, these 
are frequently called Newton-Cotes formulas. The second group is formed by the Gauss-Legendre quadratures, 
which use points not equally spaced, but points that optimize the approximation, the roots of the Legendre 
polynomials. It is supposed that the integration formulas are known, that is the reason why they are only briefly 
described here (Burden & Faires, 2003; Mathews & Fink, 2000). 
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The first three Newton-Cotes formulas are the trapezoid rule, and Simpson`s 1/3 and 3/8 rules. The trapezoid rule 
is obtained by fitting a first order polynomial to two discrete points, Simpson`s 1/3 rule is obtained by fitting a 
second order polynomial to three discrete points and Simpson`s 3/8 rule is obtained by fitting a third order 
polynomial to four discrete points. Composite rules methods first subdivide the original interval in several 
subintervals and then apply the selected rule in each subinterval. When choosing n subintervals, different numbers 
of points are considered: for the trapezoid rule: n + 1 points, for the Simpson`s 1/3 rule: 2n + 1 points and for the 
Simpson`s 1/3 rule: 3 n + 1 points. As the amount of calculation increases with n, these numerical methods must be 
programmed so as to obtain good solutions.  
Visual tools implementing these methods can be developed, so as to help students in the understanding of the 
concepts being shown. The main purpose of these applications is the fact that users may get a numerical solution for 
different mathematical problems with the corresponding methods, in a friendly graphical interface, without worrying 
about the commands needed for this solution.  
In this way, students will not only focus attention on the object under study but, through visualization, they will 
also be able to compare the methods under study, analyze the pros and cons of applying them to discover math 
concepts, make generalizations; thus developing and promoting a different kind of mathematical thinking. 
3.1 Existing tools 
Numerical integration formulas are easy to program. They are usually used as examples in programming courses 
in engineering careers. The appearance of symbolic software yielded better graphics and animations to visualize in a 
dynamic way, the convergence of the methods. For example, in the website of the University of Fullerton, California 
(mathfaculty.fullerton.edu/mathews//numerical.html) animations of different numerical methods are presented. 
These animations run directly in the Internet browser: no additional software is needed. In particular, for Newton-
Cotes formulas these links are available: 
x mathfaculty.fullerton.edu/mathews//a2001/Animations/Quadrature/Trapezoidal/Trapezoidalaa.html 
x mathfaculty.fullerton.edu/mathews//a2001/Animations/Quadrature/Simpson/Simpsonaa.html 
x mathfaculty.fullerton.edu/mathews//a2001/Animations/Quadrature/Simpson38/Simpsonaa.html 
Also, Wolfram demonstrations (http://demonstrations.wolfram.com) is a collection of thousands of interactive 
demonstrations created using MATHEMATICA. These tools are CDF files that can be run in any computer, it is only 
needed the CDF player, which is freely available on Internet. Several tools explore numerical integration with 
Newton-Cotes quadrature formulas, comparing and analyzing the error. For example:  
x http://demonstrations.wolfram.com/NewtonCotesQuadratureFormulas/ 
x http://demonstrations.wolfram.com/ComparingBasicNumericalIntegrationMethods/ 
x http://demonstrations.wolfram.com/NumericalIntegrationExamples/ 
x http://demonstrations.wolfram.com/NumericalIntegrationUsingRectanglesTheTrapezoidalRuleOrSimps/ 
x http://demonstrations.wolfram.com/NewtonCotesQuadrature/ 
Each of the links above was last visited on September 2014. 
3.2 Customized tools 
Sometimes, the available tools do not satisfy the professors’ requirements when preparing their classes. Since 
2010 the authors have been developing graphical tools for the teaching of numerical analysis. Programs such as 
MAPLE, SCILAB and MATHEMATICA were used for this purpose (Rodriguez, Caligaris & Laugero, 2014). Some tools 
will be shown here, highlighting their potential. Others can be seen in www.frsn.utn.edu.ar/gie, by clicking the 
button corresponding to resources (Recursos). All the tools were developed in Spanish; the applications presented in 
this work were translated into English. 
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Figure 1 shows the application designed using Mathematica, which implements the first three Newton-Cotes 
formulas for numerical integration: the trapezoid rule, and Simpson`s 1/3 and 3/8 rules. To use this interface, the 
corresponding function, the integration interval and the number of subintervals to be considered in each method 
must be selected.  
The number of points, the exact value of the definite integral and the approximate value for the rule, together 
with the graph of the function and the corresponding fitting polynomials, are shown for each Newton-Cotes formula. 
The red points are the endpoints for the subintervals and the green points are the interior ones. 
Fig. 1. Mathematica application for numerical integration. 
Figure 2 shows other application designed using Mathematica. In this interface the first three Newton-Cotes 
formulas are also used, to analyze the error in the approximation formulas. The corresponding function and the 
integration interval must be selected, so as to obtain results.  
Fig. 2. Application for analyzing errors in numerical integration. 
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The exact value of the definite integral and the difference between this exact value and the approximate value for 
the rule, in absolute value, as the number of points increases, are shown for each Newton-Cotes formula, in the 
application shown in Fig. 2. 
Numerical integration algorithms estimate an exact value by an approximation, having an error that depends on h, 
the distance between two consecutive points. Increasing the number of points, this error decreases. To make a proper 
comparison of quadrature methods, the same number of function evaluations in each method should be used. 
Figure 3 shows the application designed using SciLab for working with numerical integration (Caligaris, 
Rodríguez & Laugero, 2013). It presents four different methods to achieve an approximation of a definite integral: 
the first three Newton-Cotes formulas and the Gauss-Legendre quadrature.  
To use this interface, the corresponding function, the integration interval and the number of subintervals or 
points, as required, to be considered in each method must be entered. By pressing Calculate, each of the 
approximations is shown. With the Graph button, the function is plotted in the specified range.
Fig. 3. SciLab application for numerical integration. 
4. Conclusion 
Nowadays, learning objects are becoming didactic resources for supporting learning & teaching processes. Some 
of the reasons exposed by Chan (2002) for integrating learning objects when teaching are: gradual change of the 
educational paradigm focused on teaching and learning-oriented, recognition of the need for flexible curriculum in 
educational institutions of higher education, greater acceptance of technology as a factor in educational innovation 
by teachers and, certainly, by students and pressure to continually updating the educational content because of the 
vertiginous technological advancement.  
Programming this kind of tools either in Mathematica or SciLab is not an easy task, but there are many 
applications available that can be downloaded and used. In particular, the tools presented here are available at 
http://www.frsn.utn.edu.ar/gie/an/in, in Spanish. 
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However, it is not enough just to incorporate this type of learning resources in educational processes. It requires 
teachers to use and apply them at the appropriate time within didactic sequences. 
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